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Abstract 

We compute by a different method the generating series in Shimura's conjecture for 
Sp3, proved by Andrianov in 1967. We develop formulas for the Satake spherical maps 
for Sp n and Gl„. 
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1 A formula for the generating series of Hecke operators 

of Sp 3 

A classical method to produce L-functions for an algebraic group G over Q uses the generating 
series 

oo oo 
n— 1 p primes 8—0 

of the eigenvalues of Hecke operators on an automorphic form / on G. We study the gen- 
erating series of Hecke operators T(n) for the symplectic group Sp g , when g — 3, and 
X f (n) = A/(T(n)). 

Let r = Sp 9 (Z) C SL2 S (Z) be the Siegel modular group of genus g, and [p] s = pl2 g = 



T(p, • • • ,p) be the scalar Hecke operator for Sp g . According to Hecke and Shimura, 

23 



d p (x) = J2t(p 5 )x s 

6=0 

1 



l-T(p)X+p[p] 1 X^ 



if 9= 1 

(see [Hecke], and [Shi71], Theorem 3.21), 
l-p 2 [p] 2 A 2 



- T(p)X + {pT!(p2) +p(p 2 + 1)[P] 2 }* 2 -p3[p] 2 T(p)X3 +p6[p]2 X 4 

if 3 = 2 (see [Sh], Theorem 2), 

where T(p), T^(p 2 ) (i = 1, • • • ,3) are the g + 1 generators of the corresponding Hecke ring 
over Z for the symplectic group Sp g , in particular, T s (p 2 ) = [p] g . 

The case g = 3 was treated for the first time by Andrianov in [An67]. In the present paper 
we find a different method to compute the polynomials E{X) and F(X) in X of degree 6 
and 8 such that D P (X) = E(X)/F(X), through the generators T(p), Ti(p 2 ), T 2 (p 2 ), [p] 3 of 
the Hecke ring (Theorems 1.1 and 2.1). Actually this series was computed for g = 3 by hand 
in Andrianov's original paper [An67] using the multiplication rules for Hecke operators. Our 
computation works also for higher genus (see [VaSp4]). 

The explicit knowledge of the sum of the generating series of Hecke operators 

00 

D p (X) = Y / nP 5 )X S = E(X)/F(X) 
6=0 

gives a relation between the Hecke eigenvalues and the Fourier coefficients of a Hecke eigen- 
form /. This link is needed for constructing an analytic continuation of L-function on Sp g , 
which was done by A.N. Andrianov in the case g — 2, see [An74]. An approach for construct- 
ing an analytic continuation of the spinor L-function on Sp 3 was indicated at the talk of the 
first author, see [PaGRFA]. 

Our result is based on the use of the Satake spherical map ft (see Section 3 for details). 
We obtain the following formula for the polynomial P(X) = Q(E(X)): 

P(X) = P 3 (x , xi, x 2 , X3, X) = 

_ , ( sym 2 , 1,1 (p 2 +p + l)symi,i,i sym^o\ 2 Y 2 

— 1—1 1 5 1 I Xq a 

V p p 2 p ) 

p + 1 

+ (sym 2 ,2,2 + sym 2 .2,i + sym 2 ,i,i + symi^i) x 3 X 3 ^ 

( sym 3 , 2 ,2 . (p 2 +P + l)sym 2 . 2 _ 2 sym 2 . 2A \ 4 4 

~ P 3 ~t 2 ~) X ° 

sym 3 ^ 3 6 6 
~ 3 x o A • 

(see also [PaVa]). The case g = 4 was treated by K.Vankov in [VaSp4]. 

In this formula the notation sym^.^^ represents the symmetric polynomial of three 
variables x\, x 2 and x 3 constructed in the following way: 

s U m ii,i2,i3 = y ] fT (* z 'l 1 x 2 x 3 )' 

aeS n / Stah(x\ x x\ 3 ) 
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where the summation of permuted monomials x^x^x^ 3 is normalized using the stabilizer 
Stat^ar^a^arjj 3 ) so that all coefficients are equal to 1 and i\ > 12 > i 3 > 0. The total degree 
of the polynomial is i\ + 12 + i 3 . Here S n = S3 is the symmetric group that acts naturally 
on polynomials in n variables, where n = 3 in our case. For example 

sym ,ofi = 1 
sym lfi . = xi + x 2 + x 3 
syrai,i,o = xix 2 + xix 3 + x 2 x 3 
sym 1A .! = xix 2 x 3 

SyTTl^ 3 2 ~~ ^ \^2 X 3 X 1 X 2 X 3 X 1 X 2 X 3 x 1 X 2 X 3 x 1 X 2 X 3 X 1 X 2 X 3 ' 

Many computations presented in this article were performed using Maple 9.50 (IBM IN- 
TEL NT). Symmetric polynomials sym ili2i3 (up to total degree 9) were computed using the 
coefficient of t of the generating function 

U (1 + ^ X% a(l) X% a{2) X% a(S)) = + ^ X % 1 X 2 X% £ ) ( 1 + X% 2 X% i ) 

<res 3 

where i\ = 0, . . . , 6, i% = 0, . . . , i\ and ^3 = 0, . . . , 12- Then it is normalized by dividing out 
its leading coefficient. 

Let us state our result directly in terms of the Hecke operators for the symplectic group 
Sp„, defined at p. 142 of [An87]. Consider the group of positive symplectic similitudes 

S = S" = GS P +(Q) = {M e M 2n (Q) I *MJ„M = M (M)J„, M (M) > 0} , (2) 

where J n = ( 9? 

For the Siegel modular group T = Sp„(Z) consider the double cosets 

(M) = riwr C S, (3) 

and the Hecke operators 

T(a)= Yl ( 4 ) 

MeSD„(a) 

where M runs through the following integral matrices 

SD„(a) = {diag(c?i, ■ • • , d n ; ei, • • • , e„) | rf„|e„, e i+ i|ej, c^e; = a}. (5) 

Let us use the notation 

T(di,-- - ,dn\e\,--- ,e„) = (diag(di , • • ■ ,d„;ei,--- ,e„)). (6) 
In particular we have the operators (see p. 149 of [An87]): 

T(p) = T(l 1 _^l,p 1 _^p), (7) 

n n 

Ti(p 2 ) = T(l, • • • ,1,2V ,P,pV" ,P 2 ,?V ,P), for z = 1,2,- •• ,n. (8) 
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Then their images by the spherical map £1 are given at p. 159 of [An87]: 

n n 

^( T (P)) = x + Xi) = ^2x Sj(x 1 ,X 2 ,--- ,X n ), (9) 

i=0 j=0 

Cl(T l (p 2 ))= P^^^a-z^^xl^a.,). (10) 

a-\-b<n,a>i 

Here 

1 < a i < ■ ■ ■ < a £ < ?i 

is the ith elementary symmetric polynomial (different then previously defined 

((I n -a- b \\ 

sym il i 2 j 3 ), it a b = pl a is a Hecke operator for GL„, and the coef- 

ficient snip (r, a) denotes the number of symmetric matrices of rank r and order a over the 
field ¥ p . This coefficient is evaluated at p. 205 of [An87]: 

with <j> r {x) = (x — l)(x 2 — 1)-. . .-{x r — 1) for r > 1, and <j>o{x) = 1- 
In particular, we have in the case n = 3 that 

^( t (p)) =xq(1 + sym 10 + sym 110 + sym 111 ) , 

tt (Tl (p 2 )) = X " {p2 p - 1} (sym 2 , h 1 + sym h h ) (12) 

+ ^ (sj/m 2i 2i ! + sym 2t h + st/m^ 0) ) 

.T 2 (p-l)(3p 2 + 2p+l) 

+ 5 ^1,1,1 . 

p 4 

f*(T 2 (p 2 )) =p°sm p (0,2)^w(7r 2 ,o) + p 4 sm p (0, 2)x 2 u>( 7 r 2 , 1 ) 
+ p°sm p (l,3)a;ow(7r3 ) o) 

= Zow(i(l,p,p)) + p 4 x 2 l w(t(p,p,p 2 )) + smp(l,3)x 2 u(i(p,p,p)) 

2fl / , \ | X 2 (p-l)(p 2 + p+l) 

= — {sym lt lt o + sym 2 h J + — sym h h 1 , 

fi(T 3 (p 2 )) = n([p] 3 ) =/sm p (0,3)^Ko) = "fcy 3 * = 4«ymi,i,i . 

because of the equality (11) with a = 3, r = 1 implying sm p (l, 3) = (p — l)(p 2 + p + 1). 
Consider the polynomial Q 3 (X) defining the spinor zeta function Z(s) of genus three: 

Q 3 (X) = Q 3 (x ,xi,x 2 ,x 3 ,X) 

= (1 - x X)(l - XoXiX^l - x x 2 X)(l - x Q x 3 X) (13) 
x (1 - x xix 2 X)(l - x xix 3 X)(l - x x 2 x 3 X)(l - x Q xix 2 x 3 X). 
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Following the proof at p. 159 of [An87], there exist Hecke operators 
q, G Q[T(p), T!(p 2 ), • • • , T n (p 2 )} such that 



2" 

J2n(qj)X j = Q n (X) (14) 

= (1 - .T X)(1 - X XlX)(l - x x 2 X)-. . .-(1 - XqXiX 2 -- ■ .-x n X). 

Let us consider the series D(X) = Y,T=o T (p S ) xS e &%l x l and the polynomial F(X) = 

Y^j=o over the Hecke ring Lz- 

It was established by A.N.Andrianov, that there exist polynomials 

E(X) eQ[T(p),Ti(p 2 ),.-- ,T n (p 2 ),X] such that 

D(X) = f;T(p')X' = |fg > (15) 
with the above polynomial F(X) = Y^j=o c h X '' °f degree 2™, and such that E{X) = 

2 n -2 

^ UjX^ is a polynomial of degree 2" — 2 with the leading term 

1=0 

(-l) n - 1 p n (™+ 1 ) 2 " ~ 2 ~" 2 [p] 2 "" 1 -^ 2 " -2 

(as stated in Theorem 6 at p. 451 of [An70] and at p. 61 of §1.3, [An74]). In the following 
theorem we denote by [p]„ = (pl 2 n) = T„(p 2 ) the element (3.4.48) in [An70]), so that 

n([ P ] n )=p- n ( n + i y 2 X 2 X 1 :.,X n . 

Theorem 1.1 (see also [An67]) If n — 3, there is the following explicit polynomial pre- 
sentation: 



d(x) = J2t(p s )x^§§ 



(16) 



E(X) 

*-\P )^ = 

5=0 

where 

E(X) 

= l-p 2 (T 2 (p 2 ) + (p 2 - p + l)(p 2 +p + l)[p] 3 ) X 2 + (p + l)/T(rt[p] 3 X 3 (17) 
-p 7 [p] 3 (T 2 (p 2 ) + (p 2 -p+l)(p 2 +p+l)[p] 3 )X*+p 15 {p}lX e G Cz[X]. 

Remark 1.2 It was pointed out to the first author by S.Boecherer, that difficulties in the 
problem of analytic continuation of the spinor L-function of genus 3 could come from the 
polynomial E(X). Indeed, this is clearly indicated by Kurokawa's paper [Ku88], Theorem 2 
in the case of the Siegel-Eisenstein series of genus 3. A similar polynomial is discussed in 
the paper of Maass [Maa76] using densities. 

Remark 1.3 It seems that the polynomial E(X) does not depend on Ti(p 2 ) in general. Also, 
we conjecture that the coefficients of E(X) at X and at X 2 ~ 3 are always equal to zero. 

Proof of Theorem 1.1 is completed in Section 3. 
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2 Explicit form of Shimura's conjecture for Sp% 

We derive a different method to compute the generating series in Shimura's conjecture for 
Sp3 first computed by A.N.Andrianov in [An67] (see also [An68] and [An69]). Shimura's 
conjecture was stated in [Sh], at p. 825 as follows: 

"In general, it is plausible that D p (X) = E(X)/F(X) with polynomials E(X) 
and F(X) in X with integral coefficients of degree 2™ — 2 and 2™, respectively" 

(i.e. with coefficients in L% — Z[T(p), Ti (p 2 ), ■ ■ ■ ,T n (p 2 )]). 

Theorem 2.1 (see ALSO [An67]) If n = 3, one has the following explicit polynomial pre- 
sentation: 



E(X) 

±yp jsi = 

i-n 

where E(X) is given by (17), and 



D(X)=J2nP 5 )X S = y^ y (18) 



F(X) = 1 - T(p) X (19) 
+ p( T 1 (p 2 ) + (p 2 + l)T 2 (p 2 ) + (p 2 + l) 2 [p] 3 ) X 2 
-p 3 T(p) (T 2 (p 2 ) + [p] 3 ) X 3 

+ p 6 (- 2pT 1 (p 2 ) [p] 3 + T 2 (p 2 ) - 2(p - 1) T 2 (p 2 ) [p] 3 

- {p 2 + 2p- l)(p 2 -p + l)(p 2 +p+ 1))[ P ] 2 + [p] 3 T(p) 2 )X 4 

-p 9 tp] 3 T(p) (T 2 (p 2 ) + [p] 3 ) X 5 

+ p 13 [p] 2 ( Tl (p 2 ) + (p 2 + l)T 2 (p 2 ) + (1 +p 2 ) 2 [p] 3 ) X e 
p 18 [p\l T(p) X 7 + p 24 [p] 4 X 8 e £ Z [X]. 

Remark 2.2 foj Jra the case n = 2 Shimura proved ([Sh], Theorem 2) that 

oo 

£T(/)X 5 = (l-p 2 [ P ] 2 X 2 )x 

8=0 

[1 - T(p)X + {pT^p 2 ) +p(p 2 + l)[p] 2 }X 2 -p 3 [p] 2 T(p)X 3 +/[p] 2 A 4 ]- 1 
(b) For the group G — GL n it was proved by T. Tamagawa [Tarn] that for all n 

oo n 
5=0 i=0 

('see in [Shill], Theorem 3.21). 
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Proof of Theorem 2.1 follows the same lines as that of Theorem 1.1. We compute an expression 
for Q(F(X)) in terms of sym^^^: 

tt(F{X)) = l-x (sym 1 1 1 + sym 1 ^ 10 + sym 1 ^ + l)X 
+ xl (4 sym h h 1 + sym h , + 2 s V m 2, l, l + 2 s V m h i, o 
+ s V m 2,i,o + s V m 2.2,i) x2 

- x$(sym 311 + sym 110 +4sym 221 +4sym 111 + sym 210 

+ s y m 2,2,0+ 4s y m 2,2,2 + s V m 3,2,2 + s V m 3.2.\ + 4 s V m 2, 1, 1 ) X * 

+ Xo{sym 3 , 1 ! + sym 1 1 1 + sym 3 ^ 3] 1 

+ s V m A, 2, 2 + 2 s V m 2, 1, 1 + 4 S V m 3, 2, 2 + 2 s V m 3, 2, 1 + s V m 2, 2, + 8 s V m 2, 2, 2 ( 2 0) 
+ 2 s 2/ m 3, 3, 2 + s 2/ m 3, 3, 3 + 4 s V m 2., 2, 1 )^ 4 

- x^(sym 4 3 3 + sym A 3 2 + sym 221 

+ 4 sym 2 2 , 2 + 4 s?/m 3i 3i 2 + sym 3 31 + 4 sym 3i 2i 2 

+ 4 s V m 3., 3, 3 + s 2/ m 4, 2, 2 + s 2/™3, 2, l)* 5 
+ 4 ( 2 s 2/ m 3, 3, 2 + s 2/™3, 2, 2 + 2 s V m 4, 3, 3 

+ 4 s V m 3, 3, 3 + s 2/ m 4, 3, 2 + s 2/™4, 4, 3) X& 

- xl {sym^ 3 3 + sym 3 3 3 + sym^ 4| 4 + st/m 4i 4> 3 ) X 7 + a; 8 sym^ 4> 4 X 8 . 

Then we use the polynomial expressions (12) for the generators of the Hecke ring. Using 
these generators, we may look for a solution in the following form: 

n(F(x)) = 1 - n(T( P ))x + (KT^niT^p 2 )) + K T2p2 n(T 2 ( P 2 )) (21) 
+ K T3p2 n([ P } 3 ) + K TpTp n(T( P )) 2 ) x 2 

+ (KT P Tip2^(T(p) r Ti (p 2 )) + K TpT2p2 n(T(p)T 2 (p 2 )) 
+ K TpT3p2 0(T(p)[p] 3 ) + K TpTpTp n(T(p)) 3 )X 3 

+ (ifTlp2Tl P 2!i(Tl(p 2 )) 2 + K T l p 2T2 P 2n(T 1 ( P 2 )T 2 (p 2 )) 

+ K Tlp2T3p2 f7(T 1 (p 2 )[p] 3 ) + K T2p2T2p2 Sl{Tl 2 (p 2 )) 2 

+ #T2p2T3p2 fi(T 2 (p 2 )[ P ] 3 ) + K T3p2T3p2 n([p]§) 

+ K Tlp2TpTp fi(T 1 (p 2 )T(p) 2 ) + ^T2 P 2T P T P «(T 2 (p 2 )T(p) 2 ) 

+ K T3p2TpTp ft([p] 3 T(p) 2 ) + K TpTpTpTp n(T(p)) 4 )X 4 
+ fl(q 5 )X 5 + n(q 6 )X 6 + n(q 7 )X 7 + p 24 f!([p] 3 ) 4 X 8 . 

It is not too difficult to resolve the resulting equations in the indeterminate coefficients: 

Kt P T1 P 2 — 0, K Tp TpTp = 0, K T pT2p2 = ~P 3 , K Tp T3p2 = ~P 3 , K T 2p2 = P 3 + P, 
K T 3 P 2 = p(l +P 2 ) 2 , K T \ P 2 = P, K T pTp = 0, K T2p2TpTp = 0, 

-£^Tlp2T3p2 = — 2 P 7 , Kx2p2T3p2 = —2p 7 + 2p 6 , Kxi p 2Tlp2 = 0, Kti p 2T2 P 2 = 0, 
Kr2p2T2p2 — P 6 , Krip2TpTp = 0, KT3p2TpTp = P 6 , KxpTpTpTp = 0, 
#T3p2T3p2 = -P 6 (P 2 + 2p - \){p 2 - p + l)(;p 2 +p + 1). 

Then we find the remaining coefficients q5, q$, Q7 using the functional equation [An87], 
p. 164 (3.3.79): qs-i = (p e [p]3) 4 ~ t <li (i = 0, • ■ ■ ,8), compare with formulas in [An67] and in 
[Evd]. 
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3 An identity involving u(t(l, p X2 , p Xs )) 

The theory of Hecke rings for the symplectic group is developed in [Sh], [An87] and [AnZh95] 
(Ch. 3). At page 150 of [AnZh95] we have the following identity for the spherical map 

oo 

R n (X) = Y,V(T(p 5 ))X 5 

S Z° (22) 

8=0 0<S!<---<S n <S 

This identity for formal generating series of elements of Hecke ring allows to reduce 
computations in the local Hecke rins of the symplectic group to computations in polynomial 
rings by applying the spherical map to elements T(p s ) = T"(p { ) G Lq(T n , S n ) of Hecke 
ring for the symplectic group or spherical map uu to elements t(p Sl , • • • ,p Sn ) — a ji^9j) £ 
Lq(A n , G n ) of Hecke ring for the general linear group. Detailed definition of spherical maps 
for Hecke elements as well as definitions and a structure of left cosets Agj and Hecke pairs 
(T n ,S n ) and (A n ,G n ) can be found in [AnZh95], chapter 3 paragraphs 2 and 3, see also 
[An87] chapter 3. For generating elements 7Tj(p) = 7r"(p) = (diag(l, . . . , l,p, . . . ,p)) with 1 
on the diagonal listed (n — i) times and then p listed i times (1 < i < n) the images elements 
under the map u> — lu™ are given by the formulas 

w(tt?(p)) = p-^ Si {x u x n ) (1 < i < n), 
where _ 

s i {xi 7 ■ • ■ 7 ^n) ^ ^ X ai ■ • • X QLi 

\<OL\<---<CLi<n 

is the ith elementary symmetric polynomial. For an arbitrary element t the map is defined 
by 

3 

Examples of computation for cases n — 1 and n — 2 are given in [Sh], at page 824, and 
in the book [AnZh95], at page 150: 

Ri(X) = [(1 - x Q X)(l - x oXl X)}-\ (23) 

R (x] = 1 -P^4xix 2 X 2 

2[ ' (I - x X)(l - x oXl X)(l - x x 2 X)(l - x oXl x 2 X) ' V ; 

Proof of Theorem 1.1. Let us consider n = 3. Acting analogously to the case n — 2 let 

S 2 = Si + 8^ 
^3 = 5\+ 8' 2 

S = 6 1 + 6> (25) 
6' = 6> 2 + f3 
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where < S[ < 5' 2 < 6', /3 > 0. Then 

OO 

5=0 0<5i <<5 2 <<5 3 <<y 



(5i>0 /3>o 

0<S' <6' 



= E E to*)' 14 *" (^^) V i+25;+ Mt(i,A^)) 
= E E( xoXx i X22; 3) 5i k^ E 

5!>0^>0 0<S[<8! 2 

= [(I - x X)(l - x x 1 x 2 x 3 X)}- 1 u(t(l,p s i,p s z))p 2S i +s 'i(x Q xfi 

0<<5;<<52 

= [(1 - x X)(l - x xiX)(l - x x 2 X)(l - x x 3 X)(l - x xix 2 X) 
x (1 - x XiX 3 X)(l - xqx 2 x 3 X){\ - XQXix-zx-iX)]^ 1 P 3 (X) 

Here P 3 (X) denotes a polynomial of degree 6 as stated in the Theorem 6 (page 451) of [An70]. 
This rational polynomial presentation is proved in [An69] for Hecke series and ^-functions of 
the groups GL n and SP n over local fields. Further theory and applications were developed 
for genus 2 in the work [An74]. 
It follows that 

P 3 (X) = u(t(l,p s i,p s 'i))p 2S i+ 5 HxoXfix (26) 

0<<5J<<52 

x [(1 - x xiX)(l - x x 2 X)(l - x x 3 X) 
(1 - x x 1 x 2 X)(l - x XiX 3 X)(l - x x 2 x 3 X)}, 

and Theorem 1.1 will follow from the explicit computation of the coefficients 

u(t(l,p s 'i,p s *)) 

given in the next section. 



4 Images of the Hecke operators under the spherical map 

The formula for P 3 is obtained using the following computation for the images w(i(l , p^ 2 , p Xs )) 
of the Hecke operators under the spherical map for the group A = GL 3 (Z). Note that the 
notation O used in the article [An70] corresponds to u> in our formulas by the substitution of 
xi by xi/p, x 2 by x 2 /p and x 3 by x 3 /p. We used formula (1.7) for fl at page 432 of [An70] 
and adopted it for to. In the notations of that article we have that W is the group S n — 5*3, 
the set 

S = {(1, -1, 0), (1, 0, -1), (0, 1, -1)}, q = p, and A = (0, 5[,5' 2 ). 
The expression for the polynomial c(x) from [An70] takes the following form 

, X2 Xi) = (gg ~ ^i/p){x 3 - x 1 /p)(x 3 - x 2 /p) ^ 

U 2 ' 3 {X2 ~ Xi){x 3 ~ Xi){x 3 - X 2 ) 
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More precisely, let us define 

C\,p(xi,X2,X 3 ) = x 2 x% 



(x2 - x 1 /p)(x 3 - x 1 /p){x 3 - x 2 /p) 
(x 2 - xi)(x 3 - xi)(x 3 - x 2 ) 



Thenuj(t(l,p x ,pV)) = K x ^ ^ c x .^{x a{1)l x (j{2)l x (Tm ), where 



p 3 

if A = ii = (in this case w(t(l, 1, 1)) = 1), 



1 I (p+l)(p 2 + P +l) 

= „2A+ M x ) if A = 0,,u > 0, or A = /i > 0, 

p p+ 1 

[l, otherwise . 

In the case of n — 3 we have 28 different possibilities for oj(t(l,p X2 ,p Xs )), which we only 
need in order to compute the polynomial P 3 (X) of degree 6: 

1) w(t(l,l,l)) = l, 

\ ui-t i w s y m i,o,o 

2 w(t(l,l,p)) = 

P 

3 w(t(l,p,f>)) = ^— , 

4) uj(t(l, l,p 2 )) = - — + f— , 



5) w(t(l,p,p 2 )) 



p° p^ 
(2p 2 - p - 1) sym 11 j sym 21fl 



p 6 pA 



6) u(t(l,p z ,p z )) = j — + , 



pi pu 

un , 3 xx (p 2 -2p+l)sy mi l l (p 2 - p) sym 210 sym 300 
7 w i l, l,p 6 )) = = — + = — + ^— , 

pi) pi 

pb pb pb 

n , .... 2 3^ ( 2 P- 2 ) S 2/™2.2,1 . (p-l)sj/m 3 l l St/m 3 2 

9 wt iy.p 3 = g — — + g — — + — — , 

pS pS pi 

ln > 3 3^ (p 2 - 2p + 1) s?/m 2 . 2 , 2 (p 2 - p) sym 3 2 A sym 330 

10) u{t{l,p\p 6 )) = + ■ — + , 

pii pii pn 

11A un , 4\\ (p 2 -2p+l)sym 211 (p 2 - p) sym 220 

11) w(t(l, l,p 4 )) = - — + - — 

(p 2 - p) sym 31 s y m 4.0,0 
+ ^6 > 

12) W (t(l,p,p 4 )) 

_ (2p 2 - 3p+ 1) sym 2 2 l (2p 2 - 2p) sym 3AA 

pS p8 

(p 2 -p)sym 3 2 sym 410 
p 8 p 6 ' 
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1oA un 2 4 ^ (-4p 2 + 3p 3 + 2p- l)sym 222 (2p 3 - 3p 2 + p) sym 3 21 

13) w(t(l,p 2 ,p 4 )) = — + — 

(p 3 - P 2 ) s V m 3,3,o (P 3 -P 2 ) sym 411 sym 4 2 Q 

11 11 8 ' 

14) w i l,p J ,p 4 = r 

p 

(2p 2 -2p) sym 331 (p 2 -p) sym i 21 sym 430 

p\*2i ^12 ^10 ' 

15) o,(i(l,p 4 ,p 4 )) = -jj + -jj 

(P 2 ~P) ^4,3,1 s ^4,4.0 
p 14 + p 12 ' 

16) w(*(l,l,p 5 )) 

_ (p 2 - 2p+ 1) sym 2 21 (p 2 -2p+l) sym 3ll (p 2 - p) sym 3t2<0 

p7 p7 p7 



(P ~ P) sym^Q sym 5 

p' p° 

17) o,(t(l,p,p 5 )) 



(2p 2 -4p + 2) 

s y m 2,2.2 _|_ (^P — 3 + 1) sym 3 2 i ^ (p — p) sym 3 3 

p9 p9 p9 

(2p 2 -2p) sym 411 (p 2 - p) sym^o sym 510 

p y p y p' 

18) o,(t(l,p 2 ,p 5 )) 

__ (3p 3 -5p 2 + 3p-l)st/m 3]2|2 (2p 3 -4p 2 + 2p) sgm^ 

p 12 p 12 
(2p 3 -3p 2 +p) sym^i (p 3 -p 2 )sym 430 

p 12 p 12 

(p 3 -P 2 ) 5^5,1,1 s V m 5,2,0 

19) a,(i(l, p 3 ,p 5 )) 

_ (3p 3 -5p 2 + 3p-l)sym 3 3 2 (2p 3 -4p 2 + 2p) sym 4 2 2 

p 14 + p 14 

(2p 3 - 3p 2 +p) sym^ 3S (p 3 -p 2 ) sym 4|4)0 

p 14 + p 14 

„3 _ m 2 



(p 3 - p 2 ) sym 5)2)1 sym 5 3 



+ 71 — + 



p 14 p ll ' 

on ^ 4 5^ ( 2 P 2 - 4 P+ 2 ) s V m 3,3.3 . (2 p 2 - 3 p + 1) sym 4 3 2 

20) o,(t(l,p 4 ,p 5 )) = + — 

(2p 2 -2p) sym 4 A1 (p 2 - p) sym 5 2 2 (p 2 - p) sym 5 31 sym 5;4>0 

p\i) ^^15 ^13 

21) w(t(l,p 5 ,p 5 )) 

= (p 2 -2p+l)gg/m 4 3 3 (p 2 - 2p+ 1) sym 4 ^ 2 (p 2 - p) sym 5 3 2 

pl7 pl7 pl7 
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(p 2 -p) sym 5A1 sym 5 5 

\ -1-7 \ 



pl7 pl5 ' 

22) w(t(l,l,p 6 )) 

_ (p 2 - 2p + 1) sym 222 {p 2 -2p+l) sym 321 (p 2 - p) gym 33)0 

pS p8 pS 

(P 2 - 2 P + l)^4,i,i (P 2 - p) sym^o (p 2 -p) ^5,1,0 s ^6,o,o 
p 8 p 8 p 8 p 6 

„_> nn 6 „ (2p 2 -4p + 2).^m 3 . 2 , 2 (2p 2 - 3p + 1) sym^ 

23) w(t(l,p,p b )) = ^ + 

(2p 2 - 3p+ 1) sym 421 (p 2 - p) sym 430 (2p 2 - 2p) sym 5 1;1 
~"~ pio + pio + pio 



(P - P) ^5,2 



P 

24) w(t(l,p 2 ,p 6 )) 

_ (3p 3 - 6p 2 +4p- 1) sym 332 + (3p 3 -5p 2 + 3p- 1) sym 4 2 2 

p 13 p 13 
(2p 3 -4p 2 + 2p) s?/m 4A1 (p 3 - p 2 ) sym 4A0 (2p 3 -3p 2 +p) sym 5 21 

^13 ^^13 ^13 



(P - P ) g^5,3,0 (P ~P ) s ^6,l,l s 2/™6,2,0 

T -I Q I 1 Q ~t~ 



^13 ^13 ^10 

25) w(t(l,p 3 ,p 6 )) 



(4p 3 -7p 2 + 5p-2)s2/m 3i3i 3 



p 

(3p 3 - 6p 2 + 4p — 1) sym 432 (2p 3 — 4p 2 + 2p) sym 4 41 
p 15 p 15 



(2p 3 - 4p 2 + 2p) sym 5 2 2 | (2p 3 - 3p 2 + p) sym 5 3 a | (p 3 - p 2 ) sym 5 4 | (p 3 - p 2 ) sym^ 



+- : ■±L^LJ r i : ^_-|-_ : + 



p 12 ' 

26) ^(t(l,p 4 ,p 6 )) 

_ (3p 3 - 6p 2 + 4p - 1) sym 433 (3p 3 - 5p 2 + 3p - 1) sym 442 
~ pVf + pTr 



+ 



(2p 3 -4p 2 + 2p) sym 5 3 2 (2p 3 -3p 2 +p) sym 541 (p 3 - p 2 ) sym 5 5 

pl7 pl7 pl7 

(p 3 - p 2 ) sym 622 (p 3 - p 2 ) sym 6 31 sym 640 



p n p n p i4 



or? , .... 5 6^ (2p 2 -4p+2)sym 4 4 3 (2p 2 - 3p + 1) sym 5 3 3 

27) w(i(l,p 5 ,p b )) = — + 

(2p 2 -3p+l)5ym 5 4 2 (2p 2 - 2p) sym^i (p 2 - p) sym 6 ^ 2 

j^18 

(P 2 -P) sym 6 41 sym e 5 
pis + p i6 ' 

/./, 6 6^ (P 2 - 2p+ l)s?/m 4 4 4 (p 2 - 2p + 1) sym 5 4 3 

28) w(t(l,p & ,p b )) = + — 
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(p 2 -2p+l)sym 5 5 2 Q 2 - p) sym 6 ^ 3 (p 2 - p) sym 6Afi 

' p20 ' p20 + ^20 

+ (P 2 -P) sym 6 51 + sym 6 6 ^ 

tp20 j^18 

Note that Rhodes, J. A. and Shemanske, T. R. developed an alternative method of com- 
puting uj(t(p Sl , . . . ,p Sn )) in [RhSh], based on counting of certain left cosets in a given double 
coset (Theorem 4.3 of [RhSh]). 



5 A special case 

For some particular values of the Satake parameters xq, x\, x<i, Xs, the polynomial P3 can be 
considerably simplified. For example, let us substitute x§ = 1, x\ = p, X2 = p 2 and X3 = p 3 
as in Exercise 3.3.40, p. 168 of [An87]: P V {X) := P(l,p,p 2 ,p 3 , X), where v denotes the degree 
homomorphism v{xq) — 1, v{x\) = p, v{xi) = p 2 , v(xs) — p 3 . Then the polynomial P takes 
the form 



PA x) = 1 - i' " 7 + »* + »' +(i- + P + i) P ' + »" + p'+p Fj ) x i 



p^ p / 

= l-(p 8 +p 7 +2p 6 + p 5 + 2p 4 +p 3 +p 2 )X 2 
+ (p 11 + 2p 10 + 2p 9 + 3p 8 + 3p 7 + 2p 6 + 2p 5 +p 4 )A 3 
- (p 13 + p 12 + 2 p 11 + p w + 2p 9 + p 8 + p 7 )X 4 + p 15 X 6 . 

This gives the following factorization: 

P v {X) = (l-pX)(l-p 2 X)(l-p 3 X)(l-p A X) 

x (I + p X + p 2 X + p 3 X + p A X + p 5 X 2 ). 
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